ABSTRACT This paper proposes a novel finite-time backstepping framework combined with an auxiliary input-saturation compensator and applies it to tackle the trajectory tracking problem of quadrotors with disturbances and input constraints. Finite-time convergence property is guaranteed by introducing the fractional power functions of tracking errors and the finite-time filters of target commands for the next step. To avoid the singularity of rotation motion, quaternion-based attitude control is adopted, in which the target command is obtained from the finite-time filter of desired thrust direction. Additionally, finite-time disturbance observers based on a multivariable super-twisting algorithm are employed to estimate the lumped perturbations, and then, we directly counteract them. To handle the adverse effect of input saturation, a novel auxiliary system is developed to provide fast desaturation when input saturation occurs. The singularity of the auxiliary dynamics is avoided by the cubic representation of the auxiliary variables. A rigorous proof of the finite-time stability of the closed-loop system is derived by the Lyapunov theory, despite the presence of input saturation and disturbances. Finally, several comparative simulations and experimental results demonstrate the effectiveness and superiority of the proposed method.
I. INTRODUCTION
Unmanned quadrotor helicopters have received wide interest among the research community, due to their capabilitiesvertical taking off and landing (VTOL), broad envelope of flight ranging from hovering to cruising, potential to fly at low altitude, and highly agile maneuvering in tightly constrained environments [1] , [2] . In practical application scenes, helicopters are usually required to quickly and accurately track a prescribed trajectory. However, controlling unmanned helicopters is a challenging task due to their complex nonlinear dynamics, strong couplings, significant parameter uncertainties and external disturbances [3] .
Traditional linear control methods are advantageous to project realization, and have been widely used in helicopters control system design, including PID [4] , linear quadratic regulation [5] , and H ∞ robust control [6] . However, these methods suffer from performance degradation when the quadrotor helicopters leave away from their designed trim points or execute aggressive maneuvers. To tackle these limitations, various nonlinear control approaches have been developed for quadrotors' controller design, including dynamic inverse [7] , backstepping (BS) [8] - [14] , model predictive control [15] , singular perturbation theory [16] and sliding mode (SM) control [17] , etc. As a powerful Lyapunov-based tool, recursive BS is generally utilized as a baseline controller due to the cascaded structure of quadrotor dynamics. BS framework mainly has two great benefits: 1) it enables to provide accommodation of nonlinearities and avoid wasteful cancelations [18] ; 2) the different flight modes, such as position, velocity, and attitude control mode can be integrated into the helicopters' control system due to the hierarchical framework of BS.
However, there exist several problems in traditional BS method. First, for high-order nonlinear systems BS design causes ''explosion of complexity'' by the repeated differentiation of certain nonlinear functions. Second, traditional BS doesn't provide a robustness performance guarantee against perturbations. To tackle the limitations, a robust neural adaptive BS control is designed for quadrotors in [13] , where a radial basis function neural approximator is introduced to estimate and compensate for the perturbations. This work [14] develops a novel immersion and invariance based adaptive controller for quadrotors with the uncertain inertial parameters. Whereas disturbances can be finally eliminated through these adaptive techniques, they are rejected in a relatively slow and indirect manner. Recently, active disturbance rejection control (ADRC) has been proposed to achieve rapid compensation of disturbance influence [19] , where the lumped unknown disturbances are estimated by a disturbance observer (DO) and compensated for online [20] . The BS controller proposed by [10] applies command filtering to compute the derivatives of the virtual control signals, and DO to estimate and attenuate the effect of the disturbing forces and moments. To guarantees accurate tracking in the presence of lumped disturbances, [11] combines dynamic surface control (DSC) with extent state observer. Under the DO based control framework, high-precision and fast tracking for quadrotors can be achieved.
To further improve the performance of BS control, our work develops finite-time convergence property for BS controller. Finite-time controllers enable to improve control performance when states are near the equilibrium point, which provide a faster transient response, a higher precision and a better disturbance rejection than the controllers with asymptotic stability property [21] . There are two main theory frameworks to complete finite-time stability analysis, including homogenous method [21] and Lyapunov-based method [22] , [23] . In [24] and [25] , finite-time stabilizing controllers for quadrotor's trajectory tracking are designed based on the homogeneous technique. In our work, Lyapunov-based method is combined with BS technique to design and analyze the control system. First, to achieve finite-time convergence the fraction powers of the tracking errors are applied. Second, the finite-time filters are employed to approximate the time derivative of desired commands, such that ''differential explosion'' is avoided. Third, in order to guarantee robustness performance, the lumped disturbances are estimated by finitetime DO based on multi-variable super-twisting algorithm, and eliminated directly in the corresponding BS step. The simulations and experiments are conducted to demonstrate the effectiveness of the finite-time controller. To the best of our knowledge, no published experimental results on the finite-time control for trajectory tracking of quadrotor are available till now.
Another innovation of our work is to propose a novel inputsaturation compensator, which not only quickly desaturates the control inputs, but also guarantees finite-time stability of the closed-loop system with input constraints. It is well known that a satisfactory control system should guarantee nominal tracking performance and robustness when input saturation occurs [12] , [26] , [27] . To realize high tracking performance with large initial errors or/and disturbances, the controller may generate control inputs which exceed the maximum forces and torques that the actuators can produce. This saturation problem would potentially give rise to system performance degradation or even loss of stability. Traditionally, the saturation problem can be handled by introducing an auxiliary system, which takes the differences between the virtual control input and the actual actuator input as feedback inputs [26] , [28] , [29] . Our work improves the input-saturation compensator in [28] and [29] by the cubic representation of auxiliary variables, such that the singularity of the auxiliary dynamics is avoided. Moreover, the auxiliary dynamics are developed to guarantee the finite-time stability of the closed-loop system.
The main contributions of our work are listed as follows. 1) The multivariable composite finite-time BS framework is proposed. The fractional powers of tracking errors are introduced to improve convergence property near the trim point. The derivatives of the target commands are estimated by the finite-time filters, which can avoid ''differential explosion''. Moreover, multivariable super-twisting algorithm is developed to design finite-time DO, which is applied to compensate for the disturbances. 2) Trajectory tracking problem of quadrotors subjected to disturbances and input constraints is tackled by applying the proposed finite-time BS. The control system guarantees finite-time convergence of tracking errors. To avoid the singularity of rotation motion, the control law is designed based on the quaternion-based attitude dynamics. The target command for the angle loop is computed by filtering the desired direction of thrust. 3) A novel auxiliary compensation system for input saturation is proposed, which makes a significant improvement on the method [28] , [29] by introducing the cubic representation of the auxiliary variables. It provides fast desaturation when input saturation occurs. Additionally, this compensator not only guarantees finite-time convergence of the closed-loop system, but also has no existence of singularity. 4) Finite-time stability of the closed-loop system with our proposed controller is proven based on the finite-time Lyapunov theory. Some comparative simulations have illustrated the effectiveness and superiority of our proposed control law. Moreover, the effectiveness of this method is investigated by practical flight experiments.
The configuration of this paper is arranged as follows. Section II presents the dynamic model of quadrotor helicopters and states our control problem. Section III proposes the composite finite-time control method, and provides finitetime stability analysis of the closed-loop system. Section IV discusses the comparison simulations conducted in this work. The experiment results are illustrated in Section V. Section VI draws the conclusions.
Notations: Given a vector x = [x 1 , · · · , x n ] ∈ R n , x = (x T x) 1/2 denotes the Euclidean norm of vector. Define a multivariable sign function sign(x) = x/ x . The power of x is expressed as
For any vector l ∈ R 3 , S(l) is a skew-symmetric matrix so that l × n = S(l)n, where × represents the vector cross product.
II. MATHEMATICAL MODEL AND PROBLEM STATEMENT
This section presents the nonlinear dynamics of an unmanned quadrotor helicopter. The helicopter is considered a sixdegree-of-freedom rigid body model with simplified force and moment generation process. First, two reference frames are defined as follows: earth reference frame (ERF) I = {Oxyz}, which is fixed to the earth; body reference frame (BRF) B = {O b x b y b z b }, whose origin is located at the helicopter's center of gravity [1] . Fig. 1 shows the direction of the two reference frames. The dynamic model of helicopter can be described as follows [3] :
where P x y z T and V V x V y V z T refer to the helicopter's position and velocity vector in the ERF, respectively; m is the mass, and g is the gravitational acceleration constant; e 3 0 0 1 T is a unitary vector; J represents the approximate inertia matrix
The rotation matrix R( ) from BRF to ERF is dependent on the three Eular angles φ θ ψ , which denote roll, pitch, and yaw angles, respectively. ω ω x ω y ω z denote the angular rates in the BRF.
Here, unit quaternion representations are applied to describe the rotational motion to avoid singularity problems [30] . Let q = q w q v T T ∈ R 4 denote unit quaternion which parameterizes the rotation matrix R, where q w ∈ R and q v ∈ R 3 are commonly refer to as the ''scalar'' and ''vector'' parts of unit quaternion q. Unit quaternion satisfies that q 2 w +q v T q v = 1. The transformation from unit quaternion to rotation matrix is defined as
where I n denotes an n × n identity matrix. Multiplication between two quaternions, q i = q i,w q i,v T T , i ∈ {1, 2} , is defined as
Quaternion multiplication has the property R(q 1 )R(q 2 ) = R(q 1 ⊗ q 2 ). With the identity element
Considering the vector l ∈ R 3 , the rotation action using quaternion is achieved with the double product,
where V(l) = 0 l T T denotes the ''lift'' operator. If the angular velocity ω in BRF is known, the derivative of q is represent as follows:
If the helicopter's attitude is given, its unit quaternion representation can be derived as follows:
In (1), F and M are the external force and torque vector exerted on fuselage in BRF, respectively.
where T , M φ , M θ , and M ψ are the generated thrust and moment from the actuator output. F e and M e are the external force and moment disturbances, involving gust disturbances and the drag of fuselage. Aiming at quadrotor dynamics, the total lift force and control torque are generated as follows:
where u i ∈ (0, 1] (i = 1, 2, 3, 4) is the throttle input of the ith motor. u t u φ u θ u ψ T denote the inputs to control each individual channel, including the altitude, roll, pitch, and yaw angle channels. A p is the matrix that reflects the quadrotor's physical characteristics, including its size, servo mounting position, motor characteristics, etc. A a is the control allocation matrix which depends on the type of helicopters. Practically, the real control inputs are subjected to saturation VOLUME 6, 2018 nonlinearities due to the physical limitations of actuators. The input constraints are expressed as: (10) where i = {t, φ, θ, ψ}; u i,c is our designed control command; u i,min and u i, max are the minimum and maximum constraints of the input commands, respectively. Considering ''X'' type quadrotor equipped with four rotors (see Fig. 1 ), we have
where k f and k q are the coefficients that reflects the relationship from motors' throttle input (Electrical Speed Controller, ESC) to thrust and torque generated by propellers, respectively; l 1 and l 2 are the constant lengths related to the size of quadrotor helicopter; Combining (1) with (8), we obtaiṅ
where k t0 , k φ0 , k θ0 , and k ψ0 are the approximation of the control coefficients, which can be approximated through one crude identification experiment. F and M are the lumped disturbances caused by external perturbations, parameter uncertainties, and unmodeled dynamics. The dynamics (12) and (13) can be further simplified by introducing the intermediate control signals, which is described aṡ
where
For completing the design of finite-time DO, the following assumptions are required for the lumped disturbances:
Assumption 1: The bounded F and M satisfy that their first time derivatives are bounded, i.e., ˙ F ≤ C 1 ,
Assumption 2: The desired trajectory command P d (t) ∈ R n is smooth and has the bounded high-order derivatives.
Assumption 1 about the boundedness of first derivative is one of the common assumptions for DO design [20] . The control objective of our work is stated as follows:
Aiming at the quadrotors subjected to input constraints (10) and disturbances under Assumption 1, design a robust saturated control law, such that quadrotors' actual trajectory tracks the desired position command P d (t) in finite time.
III. PRELIMINARIES
Some preliminary lemmas which will be utilized latter are stated as follows:
Lemma 1 [23] : Let c, d be positive real numbers and γ (x, y) > 0 a real-valued function. Then
where p is a real number satisfying 0 < p ≤ 1.
Lemma 3 [31] : Consider systemẋ = f (x), x ∈ R n . Suppose there exists a continuous function V (x) such that the following conditions hold:
(ii) There exist real numbers p 1 ∈ (0, 1), p 2 ∈ (−∞, p 1 ), α > 0, and β > 0 such that
Then, the system is finite-time uniformly ultimately bounded. The set of attraction D is given by D = {x : V (x) p 1 −p 2 < β/θ}, where θ ∈ (0, α) is a positive constant. The settling time T that needs to reach the set {x ∈ D} from {x / ∈ D} can be bounded as
A. MULTIVARIABLE FINITE-TIME DISTURBANCE OBSERVER
Consider systeṁ
where x 1 , x 2 ∈ R n are the state variables; 1 (t) ∈ R n is the unknown perturbation term; k 1 and k 2 are the design positive gains. The time-varying perturbation 1 (t) is assumed to satisfy that its derivative is bounded, i.e., 1 (t) ≤ c δ , where c δ is the constant.
Lemma 4 [32] , [33] : Aiming at system (16) subjected to the disturbances, if the gains satisfy
Then, all trajectories of the states converge in finite time to the origin x 1 D x 2 D 0, upperbounded by T which depends on k 1 , k 2 , and c δ . Now, consider a perturbed system as follows:
where x ∈ R n is the state vector; f (x) is the known function; u ∈ R n denotes the input; d(t) ∈ R n expresses the unknown disturbance vector due to model uncertainties or external disturbances, which satisfies that its derivative is bounded, i.e., ḋ (t) ≤ c d . K u ∈ R n×n is the control coefficient matrix which is invertible. The finite-time DO is expressed as follows:
where K 1d and K 2d are the design positive constants. The convergence property of DO (19) is given by the following lemma.
Lemma 5: Consider the system (18) with disturbances. Applying the observer (19) with proper parameters, the estimation error e d =d − d will converge to zero after finite time.
Proof: Define the estimation error as e x =x − x. The error dynamics are given as follows:
Following Lemma 4 and the boundness of the derivative of d(t), we conclude that the state of system (20) will converge to zero after finite time. Then, we havê
Thus, the proof of this lemma is completed. Applying Lemma 5, the lumped disturbances F and M in (14) can be estimated by the following finite-time DO.
whereˆ F andˆ M denote the estimation of the lumped disturbances F and F , respectively. According to Assumption 1 and Lemma 5, we conclude that the estimation error F − F andˆ M − M will converge to zero after finite time, i.e.,
where T is the convergence time which is determined by Lemma 4 [33] . Remark 1: It should be note that the multivariable version of finite-time DO is implemented to compensate for the effect of disturbances. Although the scalar algorithm can be obtained based on the decoupled structure of the system (14) , some improved performances can be derived by using the multivariable algorithm, such as the chattering reduction and the applicability of the proposed method to a class of nondecoupled uncertain systems [32] , [33] .
Remark 2: Actually, there are lots of versions of DO [34] - [36] . Here, the finite-time DO (19) is used to guarantee finite-time convergence of the estimation error, which is also applied to prove finite-time stability of the closed-loop system in the following section. The design parameters of our DO include K 1d , K 2d , K 3d , and K 4d . The larger the values of these gains, the faster the estimation errors converge. But too large values may cause violent chattering phenomenon. Thus, the selection of the observer gains is a trade-off process. Practically, the gains are adjusted based on the results of the simulation and experimentation.
IV. QUADROTOR FINITE-TIME CONTROL DESIGN
A. CONTROL LAW DESIGN 1) STEP 1: POSITION LOOP Define the position error as P e = P − P d . From (1), the position error dynamics are given as follows:
Design the virtual control
where K p is the position constant. The positive constant 1 2 < α 1 < 1 represents the finite-time convergence property of the system. Let the desired velocity command vector pass through the finite-time filteṙ
where the constant α 2 = 2 −
The traditional BS methods which are used to avoid ''differential explosion'' include dynamic surface control [11] and command filter BS [10] . These methods smooth the target signal and estimate its derivative by a lowpass filter, whereas they just provide asymptotic convergence of estimation errors. In our finite-time BS framework, finitetime filters are proposed to approximate the derivatives of the target signals, while the finite-time convergence property is guaranteed.
2) STEP 2: VELOCITY LOOP
Let velocity error V e = V − V t . Following (14), we havė
The desired control is designed as follows:
According to the definition of U v , the throttle control signal can be calculated as follows:
where ξ t is an auxiliary variable to handle the saturation. Its dynamics are constructed as follows:
where χ t = 1 3 ξ 3 t . K χ t and K χ t ,f are the positive constants. − u t,c ) . Note that there exists a singularity in (29) if VOLUME 6, 2018 U v,d âĂ− = 0. Actually, this case happens rarely, unless the drone sharply declines. Following [3] , [10] , and [11] , the singular case can be avoided by constraining the reference trajectory and the control gains. Furthermore, to completely avoided the singularity, the saturation is applied as
where U v,c,3 is the third element of the control vector U v,d in (28) . The vertical channel of U v,d is constrained by the bounded constant − T < 0. Then, it is concluded that U v,d ≥ T . These strategies are reliable and simply to realize and apply in the practical flight controller.
Define the error vector of the thrust direction
, where q t denotes the target quaternion. The following quaternion-based finite-time filter is proposedq
The target angular rate ω t = [ω 1t ω 2t ω 3t ] T is expressed as
where the constant α 3 =
Considering that the length of the error vector γ is equal to 1, it requires another freedom to be specified. Hence, ω 3d are chosen to be obtained from outside, which is often produced by the real-time remote control or the prescribed trajectory. Furthermore, from the expression of ω t it is obviously found that the derivative of target attitude motionq t is bounded.
Remark 4: According to the definition of ξ t , the proposed auxiliary system (30) can be rewritten as:
In the above expression, there exists singularity when ξ t = 0. Applying our improved control form, this problem can be avoided. Actually, our method is a significant improvement to the input saturation auxiliary method in [28] and [29] , which applies the boundary layer approach to avoid singular problem. This causes the discontinuous switching and the inexact convergence. By introducing the cubic representation of the auxiliary state in (30), these problems have been overcome, while finite-time convergence of auxiliary system has been achieved by the proposed representation (30).
Remark 5:
The time derivative of γ is described aṡ
Define the positive Lyapunov function
, where γ e = e 3 − γ . Applying Lemma 2, its derivative is expressed aṡ
Ṙ 3d (36) Considering the boundedness of U v,d , it yields
, where C U is a constant.
3) STEP 3: ANGLE LOOP
Define the rotation error R e = R T t · R. Its unit quaternion representation is given q e = [q e,w q e,v T ] T = q t T ⊗q. Using the property of unit quaternion, its time derivative is given as follows:q
Design the virtual angular rate ω d as
The finite-time filter is expressed as:
where ω tf ∈ R 3 is the state vector of the filter; K ωf > 0 is a constant design gain. Remark 6: In the intermediate control law (38), the item sign(q e,w ) is used to avoid the unwinding phenomenon of the quaternion-based control [30] . Additionally, the fraction powers of attitude tracking error q e,v are introduced to guarantee finite-time convergence property of attitude tracking. Thus, it achieves global finite-time stability of attitude tracking.
4) STEP 4: ANGULAR RATE LOOP
Define the angular rate error ω e = [ω e,1 ω e,2 ω e,3 ] T = ω − ω tf ∈ R 3 , which dynamics are given as:
The control inputs are designed as follows:
where K ω is the positive control gain to be designed;
] T are the auxiliary variables for antiwindup compensation, which are expressed as:
B. PROOF OF STABILITY
The closed-loop error dynamics can be divided into the innerloop part (attitude tracking) and the outer-loop part (position tracking), which are expressed as:
The outer-loop part:
The inner-loop part:
The proof process is divided into two steps. First, the attitude tracking error q e is proven to finite-time converge to a small region near zeros. Then, we illustrate that the state vectors of the outer loop will not escape to infinite in any finite time. Finally, the conclusion that the quadrotor's trajectory reaches to a small region near the desired trajectory in finite time, is drawn.
Theorem 6: Consider the inner-loop error dynamics (45) under disturbances with Assumption 1. The control law is given as the form in (42) with the finite-time filter (32), finitetime DO (22) and auxiliary system (43). If the control gains are selected properly, the attitude tracking error q e can finitetime converge to a small region of origin, while all signals in the closed-loop system are bounded in any finite time. 
Proof: 1). Assign the positive Lyapunov function
where γ q,1 , γ ω e ,1 , and γ ω f ,1 are the positive constant generated by the transformation of inequalities. According to the definition of the intermediate control (38) and the boundedness of the reference signals q t and ω t , it yields
where the positive constant C 1 is dependent on the derivatives of q t . In the light of (40) and Lemma 1, we have
where γ ω f ,2 and γ q,2 are the positive constants. Considering the control law (43), it follows that
where γ ω e ,2 and γ ξ,1 are the proper constants produced by inequality transformation. From (43), we can get
where γ ξ,2 is a positive constant. From the above analysis, the derivative of the Lyapunov function can be simplified as follows:
To guarantee stability of the closed-loop system, the control gains should be selected such that the following conditions are satisfied:
From Lemma 5, it has been proven that the norm of the estimation error M −ˆ M converges to zero in 
where C L,1 > 0. The constant B L,1 > 0 depends on C M and C 1 . According to Lemma 3, the states are uniformly ultimately bounded. After a finite time T , the estimate error will converge to zero, i.e.,
where the constant B L,2 is only dependent on C 1 . Applying Lemma 3, it is concluded that Lyapunov function will reach the set of attraction
). The tracking error can be arbitrarily small by choosing the large enough control gains. Due to the positive definiteness of L, we have that the attitude tracking error q e,v is bounded in any time and will converge to D q = {q e,v : q e,v < B q }, when t > T M .
Theorem 7: Consider the error dynamics (44) and (45) subjected to disturbances with Assumption 1, which control law [u t,c u φ,c u θ,c u ψ,c ] T is given by (29) and (42) with the finite-time filters (26) , (32) and (40), finite-time DOs (21) (22) and auxiliary systems (30) (43). If the control gains are selected properly, the origin of the error dynamics is finitetime uniformly ultimately bounded.
Proof: Select the positive Lyapunov function
Similarly, some inequality transformations are stated for the following proof process. Applying Lemma 1, from the immediate control (25) and the finite-time filter (26) we have
, and γ P,2 are the constants produced by inequality transformations. C V f is the constant which depends on the desired command. Then, following the control (28) and its auxiliary system (30), it yields
+ V e 2−2α 1
where γ V e ,2 , γ ξ t ,1 , and γ ξ t ,2 are the constants. Following Assumption 1-2, eq. (26), (28), (36) and applying Lemma 1-2, it yields
≤ γ e 2−α c2
+γ V e ,3 V e
Thus, the derivative of Lyapunov function is described aṡ
The outer-loop control gains are properly selected such that the following conditions are satisfied:
The estimation error F −ˆ F is bounded and converges to zero when t > T . Moreover, from Theorem 6, the attitude tracking error q e,v is bounded and converge to the set D q when t > T M . So it is inferred that Lyapunov function L V and the states of the closed-loop system are bounded in any finite time. Furthermore, when t > maxâĄą{T M , T }, we havė So we calculate the set of attraction
). Due to positive definiteness of L V , the ultimate boundedness of all signals in the closed-loop system can be guaranteed. In addition, by increasing the values of observer bandwidths and control gains and reducing the values of time constants in filtering, the ultimate upper bound for tracking errors can be made arbitrarily small. This concludes the proof.
Remark 7: All of design parameters include
for input saturation auxiliary compensation. The gains K P , K V , K q , K ω are the most important parameters which are related to the convergence rate of system's error, i.e., the larger their values chosen, the faster convergence rate of tracking error. However, too large values may result in an excessive transient peaking. Thus, it's a trade-off process to choose these parameters according to the specific applications.
Remark 8: Note that traditional BS control (DSC) is a special case of our finite-time framework, when α 1 is set as 1. If we select α 1 to satisfy that 1 2 < α 1 < 1 and α i > 0, i = 1, 2, 3, finite-time convergence property of the closed-loop system can be guaranteed. The following comparison simulation proves that finite-time convergence property provides better transient response and tracking performance.
V. SIMULATION
In this section, numerical simulation results are presented to illustrate the effectiveness of our proposed composite control law for helicopters. Table 1 summarizes the corresponding helicopter model parameters. Note that all of these parameters in Table 1 are unknown in our controller design process.
Following [37] , the lumped force and moment disturbances in (65) are introduced in simulation to test the robustness of the helicopter's control system. These disturbances are caused by the external disturbances (wind gusts), and the position of the center of mass (CoM).
Wind disturbance velocity V w is assumed to possess wind components along x-and y-direction in ERF. The wind is set as follows:
The force and moment perturbation caused by wind is expressed as follows: 
The offset of CoM has a significant impact on the roll and pitch moments by altering the location of the rotors' thrust. Moreover, the servo dynamics of rotors are also considered, which can be approximated as a first-order filteṙ
where T r = 0.05s is the time constant; u i,a represents the actual ith rotor's response. The constraints of the control input are given as follows:
Before designing helicopter's controller, control coefficients of the quadrotor model are approximated as k t0 = 10, k φ0 = 400, k θ0 = 400, k ψ0 = 300. These parameters are the only we need to know about the helicopter's model, which can be obtained from the crude identification experiments. The proposed finite-time controller is given in (29) and (42) with the parameters for each part as follows: α 1 = 9/10, K P = 1, K V = 4, K q = 15, K ω = 40 for the nominal tracking performance of the closed-loop system; is also used to illustrate the superiority of finite-time control. The steady tracking errors of the proposed method in x-and ydirections are smaller than BS method, while tracking errors in z-direction are both less than 1 cm. The response results illustrate that finite-time control provides superior transient and steady tracking performance. Moreover, the control law without the input saturation auxiliary system labeled as ''Without AU'', is applied to show the effectiveness of our proposed saturation treatment in Fig. 3 . Due to large initial errors, the control in thrust channel emerges the saturation phenomenon. Applying the auxiliary compensation of input saturation, the control command u t can be quickly desaturated. It is noted that the control commands chatter violently to fast eliminate the effect of wind disturbances.
Case 2: The desired ''8-shape'' reference trajectory is described as: the position tracking is: ''Proposed'' > ''BS'' >''Without DO''. The framework which combines finite-time convergence and disturbance elimination achieves the best tracking performance. Fig. 5 depicts the attitude response. The angular responses of our proposed method have a more intense oscillation to guarantee high tracking performance. Violent chattering exists at t = 4s due to the switching of reference trajectory. Fig. 6 illustrates the angular rate in z-direction can track the desired commands.
VI. EXPERIMENT
Trajectory tracking experiment of quadrotor has been conducted to demonstrate the efficiency and control performances of the developed algorithm. The experiment testbed consists of the ''X-type'' quadrotor (see Fig. 7 ), the VICON motion capture system, and Bluetooth pairs. The overall size of the helicopter platform is 280mm × 320mm × 55mm with a weight of 550 g. The VICON system is used to estimate the quadrotor's position, velocity, yaw angle and yaw angular velocity. The data of helicopter's states is sent to quadrotor via Bluetooth at 100 Hz. Before designing our proposed quadrotor's control system, the control coefficients k t0 , k φ0 , k θ 0 , and k ψ0 in (12) and (13) The desired circle trajectory is described as follows: Firstly, the quadrotor vertically climbs for 2s with a acceleration of 0.4 m/s 2 . Then it hovers for 4s. Finally, it tracks a circle trajectory 4 times. Through this experiment, quadrotor's lift, hover, and tracking performances are evaluated comprehensively. Additionally, to further show the performance of the developed method, it is compared with the BS controller with DO and the opensource flight controller APM. 1 The APM is one of the most popular open source flight controllers, which adopts the quaternion-based nest saturation control [3] and realizes a variety of flight modes. BS + DO is a recent classical framework for flight control [10] , [11] , and our proposed controller is the development and improvement of this approach.
The experiment results are depicted in Fig. 9-10 . In the climb stage, the quadrotor with the proposed controller takes less than 4s to climb to the desired height. Then it hovers at the desired point with average root-mean square (RMS) errors of 0.7 cm in x-, 0.6 cm in y-, and 1.1 cm in z-direction. During the tracking stage, the quadrotor can quickly and exactly track the circle trajectory. Moreover, it keeps at the specified height 1 APM Autopilot Suite: http://ardupilot.com/ with an error less than 1.5 cm, which illustrates that our controller enables to eliminate the adverse effect of dynamic coupling. From the comparative results, it can be seen that the finite-time backstepping control has better transient performance, and faster convergence property. There exist large parameter uncertainties caused by the crude identification. Through the finite-time DO, these uncertainties can be eliminated and the nominal control performance is recovered. Actually, without DO the proposed control system is difficult to achieve the hover flight, not to mention the maneuver flight. The attitude response is shown in Fig. 10 . To achieve high tracking performance, the desired attitude commands have a bit chattering. Note that the desired yaw position is unlocked, which depends on the finite-time filtering process of quaternion, and the desired angular rate signal ω 3d obtained from the remote control or prescribed signals.
VII. CONCLUSION
In this paper, the problem of trajectory tracking is handled for quadrotor helicopters with parameter uncertainties, external disturbances, and actuator's constraints. In the control system, finite-time BS framework is applied to provide finitetime convergence property of tracking errors. To improve robustness, the disturbances are estimated by the finite-time DOs based on multi-variable super-twisting algorithm, and counteracted directly in the corresponding loop. Moreover, a novel auxiliary system is proposed to compensate for the adverse effect of actuators constraints. The comparative simulation results have illustrated the advantages of our proposed approach, including finite-time stability, highprecision tracking, disturbances cancellation, and fast desaturation. The practical flight experiments further show the effectiveness of the control system.
